The Dirac equation in four time and four space dimensions (or (4+4)-dimensions) is considered.
In this work, we explore a number of features of the Dirac equation [1] in four time and four space dimensions (or (4 + 4)-dimensions). There are a number of physical reasons to be interested in such a quest. First of all, consider the splitting of the (4 + 4)-signature in the form (4 + 4) = (3 + 1) + (1 + 3). One notes that (3 + 1) is mere a changing signature of our ordinary (1 + 3)-world. So, even from the beginning this splitting seems to contain some kind of duality between the two signatures (3 + 1) and (1 + 3) . Assuming that an electron "lives" in (1 + 3)-dimensions one wonders one could be the corresponding dual electron in (3 + 1)-dimensions. At this respect, it is worth mentioning that using a signature reversal a relation between (3 + 1) and (1 + 3) signatures has already been investigated in the context of string theory [2] - [3] . Secondly, in (4 + 4)-dimensions there exist Majorana-Weyl spinors [4] [5] [6] [7] (see also Ref. [8] ) and therefore the 16 spinors complex components of the Dirac equation can be reduced to 4 complex spinor components: the same number than an ordinary 1 2 -fermion in four dimensions. Analogue motivation may arise by considering the splitting (4 + 4) = (2 + 2) + (2 + 2). It has been shown that the (2 + 2)-signature is exceptional [9] and has interesting features such as Majorana-Weyl spinors. Another source of physical interest emerges from the fact that the (4 + 4)-dimensional theory may be obtained from dimensional reduction to a (5 + 5)-dimensional theory which originates from the so-called M´-theory [10] - [11] (see also Refs. [12] - [15] ) which is defined in (5 + 6)-dimensions. In fact, upon spacelike compactification the (5 + 6)-dimensional theory leads to one Type II A´and two Type II B´string theories which "live" in (5 + 5)-dimensions [11] . Of course, in this case, one must properly impose Majorana-Weyl constraints as in the case of superstrings [16] and supergravity [17] . Moreover, it is interesting that massless Dirac equation formulated in flat (5 + 5) (or (4 + 4)) dimensions may lead to massive spinors in (1 + 3)-dimensions [14] . In this context, it has been shown that the triality automorphisms of Spin(8) act on Majorana-Weyl representations leading to relations among (1 + 9) ↔ (5 + 5) ↔ (9 + 1) signatures, as well as their corresponding transverse signatures (0 + 8) ↔ (4 + 4) ↔ (8 + 0) [13] . Finally, since the Dirac equation is a hidden root of supersymmetry which, recently, in turn has been linked to qubit theory [18] via the superqubits [19] (see also Refs. [20] - [25] ) one may expect that there must exist a description of the Dirac equation in terms of qubit notion. In turn, (4 + 4)-dimensions have an interesting connection with qubits and chirotopes [26] - [31] . So, we believe that eventually the (4 + 4)-dimensional Dirac equation may shed some light on the superqubit notion.
Here, we show that, in fact, the (4 + 4)-dimensional Dirac equation can be linked to the qubit theory. Our strategy rests on the use of a basic basis set of 2 × 2-matrices elements of M(2, R). We show that from this structure one may obtain the Dirac gamma matrices and therefore the physical states associated with the Dirac equation can be written in terms of qubit sates.
Let us start considering the Dirac equation in any (t+ s)-signature, namely
where γμ are the gamma matrices satisfying the Clifford algebra
Here, ημν is a (t + s)-dimensional flat diagonal metric which depends on the signature (t + s) (t times and s space dimensions). For instance in (1 + 3)-dimensions, one has η µν = diag(−1, 1, 1, 1), while in contrast in (3 + 1)-dimensions one gets η ab = diag(−1, −1, −1, 1). Note that (1) depends on the signature via the expression (2) .
In (1+3)-dimensions, the three more common representations of the gamma matrices γ µ are the Weyl (γ 
one has
By applying the unitary transformation
to γ
Similarly, by applying the unitary transformation
Moreover, by combining these two results one can go from Weyl to Majorana representation in the form γ
Observe that the Pauli matrix σ 2 plays an important role in these transformations. When one changes the signature from (1 + 3) to (2 + 2) one notes that one may simply change σ 2 by ρ 2 ≡ iσ 2 and everything is modified accordingly. Of course, the difference is determined by the flat metric in Clifford algebra (2) by changing η µν = diag(−1, 1, 1, 1) for η µν = diag(−1, 1, −1, 1). However something peculiar happens when this change is performed. In the first case, the physical state ψ is complex but in the second case one may choose ψ to be real. Further, in the first case, one may impose either Majorana or Weyl conditions, but in the second case one finds that ψ can be both Majorana and Weyl spinor.
In order to consider the Dirac equation (1) in higher dimensions let us introduce the basic 2 × 2-matrices,
These matrices determine, in fact, a basis for any 2×2-matrix belonging to the set of 2 × 2-matrices which we have denoted by M(2, R). In fact, an arbitrary 2 × 2-matrix can be written as
A complex structure Ω ij −→ z ij = xδ ij + yε ij is obtained from (10) by setting r = 0 and s = 0. In fact, by setting δ ij → 1 and ε ij → i one obtains a typical notation for a complex number, namely z = x + iy. Note also that if ad − bc = 0, that is if det Ω = 0, then the matrices in M(2, R) can be associated with the group GL(2, R). If we further require ad − bc = 1, then one gets the elements of the subgroup SL(2, R). It is worth mentioning that since one has the isomorphisms M(2, R) ∼ C(2, 0) ∼ C(1, 1) the fundamental matrices δ ij , η ij , λ ij and ε ij given in (9) no only form a basis for M(2, R) but also determine a basis for the Clifford algebras C(2, 0) and C(1, 1). Moreover, one can show that C(0, 2) can be constructed using the fundamental matrices (9) and the well known Kronecker product ⊗. It turns out that C(0, 2) is isomorphic to the quaternion algebra H. Indeed, there exist a theorem that establishes that all the others higher dimensional Clifford algebras of arbitrary signature C(a, b) can be constructed from the building blocks C(2, 0), C(1, 1) and C(0, 2) (see Refs.
[4]- [8] ). Using the Kronecker product ⊗ one can write the Pauli sigma matrices (3) in the form
In this expression, the numbers 1, 2, etc in the indices i 1 , i 2 , .., i n indicate the level 2 n of the corresponding index, in other words, such numbers denote whether the matrices are 2 × 2, 4 × 4, 8 × 8, 16 × 16, ...etc. For instance, the Pauli matrices in (11) are, indeed, 4 × 4-matrices.
One can now write a representation of the Dirac gamma matrices in terms of σ 10 , σ 22 and σ 30 as follows:
Up to a sign, a Majorana representation is obtained multiplying each component in (12) , on the left, by (γ 000 + γ 222 ) and, simultaneously on the right, by the inverse 1 2 (γ 000 − γ 222 ). In fact, one obtains
Comparing (12) and (13) one notes that, in the first 2 × 2-level, in the Dirac representation there are a combined terms of δ i 1 j 1 and ε i 1 j 1 , while in the Majorana representation there are only terms with ε i 1 j 1 . In the traditional notation of the gamma matrices this means that the Dirac representation is complex, while the Majorana representation is pure imaginary (or pure real).
It turns out that the procedure can be generalized to any signature d = t+s. For instance, in (1 + 5)-dimensions, (13) can be extended in the form 
In this case the Majorana representation is obtained by multiplying, each component in (15) , in left and right, by (γ 00000 + γ 22222 ) and
Note that in this case once again the 2×2-level involves only ε i 1 j 1 which means that the Majorana representation is pure imaginary.
By convenience we wrote the gamma matrices without indices. But, in fact, in four dimensions one can use the prescription
Hence, one finds that the Dirac equation (1) can be written as
From this expression, it is evident that one can generalize the procedure to any signature d = t + s in the form (γ (μ)
where the indices (μ) run from 1 to d = t + s and δ i 1 . 
Here, η (μν) = diag(−1 − 1, ..., −1, +1, +1, ..., +1) is a flat metric in (t + s)-dimensions.
Let us introduce the basis
Thus, in general any physical state satisfying (19) can be written as (see Refs.
[18] and references therein)
So, one has discovered that the spinors ψ j 1 j 2 ...jn in the Dirac equation (for any signature) may be considered as qubit states. For 3-qubit one has
while for 4-qubit one finds
Comparing (18) with (23) one sees that the state associated with -spin particles (for instance, the electron state) in four dimensions can be identified with a 3-qubit state.
In order to obtain representation for the (4+4)-signature one may multiply the term γ 22222 in (15) by γ 00002 . One obtains the representation
One notes that in the first level of (25) all quantities contain δ i 1 j 1 . So, in fact, δ i 1 j 1 is mere a amplification of (25) and therefore can be dropped leaving
In turn this means that the physical states ψ j 1 j 2 .j 3 j 4 j 5 can be reduced to ψ j 2 j 3 .j 4 j 5 . In the usual notation, this is equivalent to reduce the complex spinor to real spinor. Moreover, observe that the matrices in (26) are now 16 × 16 instead of the 32 × 32 as in (15) . Correspondingly ψ j 2 j 3 .j 4 j 5 has now only 16 components. This means that if in addition one imposes the Weyl condition on ψ j 2 j 3 .j 4 j 5 then one obtains only 8 real components; surprisingly the same number of components of the Dirac spinor in (1 + 3)-dimensions. So one wonders, as in in Ref. [14] , whether a massless Majorana-Weyl fermion in (4 + 4)-dimensions corresponds to a massive fermion in (1 + 3)-dimensions.
One can further clarify our approach by the following arguments. Suppose one starts with the two matrices
(By convenience we shall not write the indices in the matrices δ, ε, η and λ given in (9).) These two matrices can be associated with the (1 + 1)-signature because (γ 1 ) 2 = γ 0 = δ and (γ 2 ) 2 = −γ 0 = −δ and γ 1 γ 2 + γ 2 γ 1 = 0. One can move to the (1 + 2)-signature using in addition to γ 1 and γ 2 the matrix γ 3 = γ 2 γ 1 in the form
Now, consider the extended structure
obtained by introducing γ 10 in the first row and putting a 2-index (or a ε) on the left hand side of each term in (28) . One can check that all matrices γ in (29) satisfy the Clifford algebra (2) with flat (2 + 2)-signature metric. For the (2+3)-signature, one now considers the product γ 30 = γ 02 γ 10 γ 21 γ 22 γ 23 (Notes that in this expression γ 02 acts as the imaginary unit i in the usual notation) and writes
While for (3 + 3)-signature one has
Following similar procedure, for (3 + 4)-signature one obtains
While for (4 + 4)-signature one gets
The method can be extended to (n + n)-dimensions. Simply, in the case of (2n + (2n + 1))-signature one adds the gamma matrices γ 30...0 at the end of the previous arrange of (2n + 2n)-signature. While going from (2n + (2n + 1))-signature to ((2n + 1) + (2n + 1)) one adds in the first row a γ 10...0 and in all the other terms one inserts on the left level a 2-index (or ε) of the previous signature. Observe that the signature in all these cases is obtained by considering that if the number of ε is even the square of the specific gamma matrices is +δ and if the number of ε is odd then the square of the gamma matrices is −δ. Here, one should remember that the quantities are multiplied according to the level. Moreover, to calculate the complete Clifford algebra (2) one notes that any two different gamma matrices commute if the number of anticommuting terms is odd.
If instead of (27) one starts with
and follow similar procedure inserting the gamma matrices γ 30...0 and γ 10...0 at the beginning and at the end respectively and in all the other terms one inserts a 2-index (or ε) in left level of the previous signature one may prove that in (4 + 4)-signature one obtains the result (26) . In fact, in this case (26) corresponds to the Dirac representation, while (33) refers to the Weyl representation. Note that in each given (n + n) dimension the γ 22...2 plays a key role, in a sense it is the equilibrium gamma term between γ 10...0 and γ 30...0 . Moreover, any other representation of the gamma matrices satisfying (2) can be obtained from the Weyl, Dirac or Majorana representation by similarity transformation.
One physical reason to be interested in these developments emerges from the observation that massless fermions in (4+4)-dimension can lead to massive one in (1 + 3)-dimension. In order to clarify this observation let us write the massless Dirac equation (1) 
one discovers that the in the mirror (3+1)-world one also has massive fermions, but with opposite signed mass. So, the mass m is the quantity linking the two scenarios with (1 + 3) and (3 + 1) signatures: In one case m is positive and in the other is negative, respectively. It is interesting that three index object η ijk with components
satisfies
In Refs [26] and [27] , in analogy with the curved metric g µν = e 
Since the matrices (38) and (39) are linked to Clifford algebras a gravitational theory based on (40) may determine automatically a spin structure, which is necessary for supersymmetric scenarios.
In turn, such a gravitational theory may be linked to oriented matroid theory via the identifications
where V 1 , V 2 , V 3 and V 4 are the columns of the matrix
with the index A taking values in the set E = {1, 2, 3, 4}. It turns out that the subsets {V 1 , V 2 }, {V 1 , V 3 }, {V 2 , V 4 } and {V 3 , V 4 } are bases over the real of the matrix (42). One can associate with these subsets the collection B = {{1, 2}, {1, 3}, {2, 4}, {3, 4}},
which can be understood as a family of subsets of E. It is not difficult to show that the pair M = (E, B) is a 2-rank self-dual matroid (see Refs. [27] and [28] and references therein). The fact that we can express M in the matrix form (42) means that this matroid is representable (or realizable). Moreover, one can show that this matroid is graphic and oriented. In the later case, the corresponding chirotope (see [29] and references therein) is given by
Thus, we get, as nonvanishing elements of the chirotope χ AB , the combinations 12+, 13−, 24−, 34 + .
The signs in (45) correspond to the determinants of the matrices δ ij , η ij , λ ij and ε ij , which can be calculated using (44) . Therefore, what we have shown is that the basis of M(2, R) as given in (9) admits an oriented matroid interpretation (see Refs. [26] - [31] and references therein).
We believe that wherever one uses gamma matrices as supergravity and superstrings our approach can be useful and therefore a link between these physical scenarios with qubit theory can be established. In particular, a search for a connection between the present developments and the black-hole/qubit correspondence [20] - [25] may provide a source of motivation for further investigation.
